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ON SOME INTEGRALS INVOLVING Ay(z) AND Ay(z)

WENGUANG ZHAI
In memory of Professor Aleksandar Ivi¢

(Presented at the 2nd Meeting, held on March 26, 2021)

Abstract Letk > 2 be a fixed natural number and dy(n) denote the number of
ways n can be written as a product of k positive integers. Let Ay (x) denote the error term
in the asymptotic formula of the summatory function of di(n). In this paper we study some
integrals involving Ao (x) and Ag(x).

AMS Mathematics Subject Classification (2020): 11N37.
Key Words: General divisor problem, Dirichlet divisor problem, Power moment.

1. Introduction and statements of results

Let k > 2 be a fixed natural number and dj,(n) denote the number of ways n can
be written as a product of k positive integers. The general divisor problem is to study
the asymptotic behaviour of the sum

Dy(z) =Y _ di(n)
n<x
as x tends to infinity. It is well-known that the asymptotic formula of Dy (x) is of the

form
Dy(x) = xPy(log x) + Ag(z), (1.1)
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where Py (u) is a polynomial in u of degree k — 1, and Ay (z) is the error term. Itis a
classical and important problem in the analytic number theory to study properties of

When k& = 2, this is usually called the Dirichlet divisor problem since Dirichlet
first proved that Ay () < +/z. Dirichlet’s result was improved by many authors. The
best upper bound up to date is Az(z) < x517/1648+¢ proved in Bourgain and Watt
[1]. It is conjectured that the estimate Ao(z) < 2'/4t¢ holds, which is supported by
the mean square result(see Cramér [3])

T
/ (Ao(2))? do = CRTY? 4 O(T5/++) (12)
1
and the estimate (see Ivi¢ [5], Thm 13.9)
T
/ |Ag ()40 da < T HA/4Fe (4 = 8.75), (1.3)
1

where

1 o0
.:6_2 3/2.

The estimate 7°/4¢ was improved in Tong[14], Preissmann[12], Lau and Tsang
[10], respectively. For any integer 3 < I < 9, we have the asymptotic formula

T
/ (Ag(x))l do = Cél)Tl—HM + O(T1+l/4_6l+5), (1.4)
1

where Cél) and 0; > 0 are explicit constants. Tsang [15] first proved the asymptotic
formula (1.4) for [ = 3 and [ = 4 with 63 = 1/14 and 64 = 1/23. Ivi¢ and Sargos
[6] proved the asymptotic formula (1.4) for I = 3 and [ = 4 with 63 = 7/20 and
04 = 1/12. Zhai [17] proved (1.4) for any integer 3 < [ < 9 by a unified approach.
For more results about (1.4), see [9, 11, 16, 19, 20].

When k = 3, this is usually called the Piltz divisor problem. The best estimate
of Ag(x) up to date is Az(x) < 243/96+¢ proved in Kolesnik [8]. Tong [14] proved
the mean square result

T
/ (As(2))? da = CPTO/3 4 O(T™/9%¢), (1.5)
1

where
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Heath-Brown[4] proved that the estimate

T
/ |Az(x) ]} de < T (1.6)
1

holds.
Ivi¢ and Zhai [7] first studied the hybrid moments of Ag(x) and Az(z). They
proved that

T
/ Ag(z)As(x) dz < T/ 10g! 03 T, (1.7)
1
In this paper we shall study the upper bound of the integral

T
/1 Ak (z)As(z) dz

with £ = 2 and k£ = 3. We have the following theorems.

Theorem 1.1. We have the estimate
T
/ A2(z)Az(x) dz < T16/9%F, (1.8)
1
Theorem 1.2. We have the estimate
T
/ A3 (z)Az(x) dz < TT3/36+, (1.9)
1
Remark 1.1. From (1.3), (1.5) and Cauchy’s inequality we get
T T
/ A2(2)Ag(z) da < TH/6+, / A3(2)Ag(z) da < T2+,
1 1

Note that 16/9 = 11/6 — 1/18, 73/36 = 25/12 — 1/18. So Theorem 1.1 and
Theorem 1.2 are non-trivial.

Notation. For any k£ > 2, di(n) denotes the number of ways n can be written
as a product of k£ natural numbers. n ~ N means N < n < 2N and n < N means
c1N < n < coN for absolute positive constants co > ¢; > 0. € always denotes a
small positive constant which may be different at different places. For any complex
number «, we define e(«) := exp(2mia).
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2. Some preliminary lemmas
In order to prove our theorems, we need the following lemmas.

Lemma 2.1. Let ¢ > 0 be a non-integer real number, M > 2 be a large param-
eter, 0 > 0 be any real number. Let A(M, §; c) denote the number of solutions of the
inequality

|m{ +m§ —ms —mg| <M, M < myi,ma,ms,mg < 2M.

Then we have

A(M, ) < Me(M? + 5M*).

PROOF. This is Theorem 2 of [13]. O

Lemma 2.2. Let T' > 10 be a large parameter and y be a real number such that
TP <y T. Forany T < x < 27T define

zt/3 n
Aszi(z;y) == \/,W Z drz;’z(/g) cos(6m(nz)'/3).

Then uniformly for y < T"/3 we have
2T
/ |Asy(x;y)|* de < T7/3F2, (2.1)
T

PROOF. By a splitting argument and Holder’s inequality we get for some 1 <
N < y that

[ isaarar= (2 Z >, B0 o)
. 31(; P — n2/3
J+1
4
4/3 ds(n) 1/3
< T3 10g? TZ/ 33 cos(67(nz)'/?)| dz
J+1< <%

L ds(nj) 2T
< T3 log*T Z Hii/;) / e(32'/3n) du,
ni1,n2,n3,n4~N HJ 1 T

+ né/ - né/ - ni/ 5, By the first derivative test we have

2T 2/3
/ e(32'/3n) dz < min ( ]‘1 ‘ >
T

1/3

where 1 1= n;
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So from the above two estimates we have

2+4¢

T 4 T - 13 1
/T |Asy (z;9)|* de < B Z min (T ,m> (2.2)

According to Lemma 2.1, the contribution of 7"/3 (in this case In| < T-1/3)is

7/3+
<« o (N2 4 T7YBNTIBNY) « TTB+eN=23 L P2HeN « T7/3+¢

N8/3
if y < T3,
Now we consider the contribution of 1/|n| for which T-1/3 < |n| < y'/3. We
divide the range of 7 into O(log T") subcases of the form £ < |n| < 2£. By Lemma
2.1 again we get the the contribution of 1/|n]| is

T2+6 1
<L —7= max g —
8/3 i
N®/S 1/3<<£<<yl/3§<|n\§25 In|
T2+a 1
< _(N2 +§N_1/3N4)

T a.
NB8/3 T_1/3¥r<1<£}i<y1/3 £
< T7/3+€N—2/3 + T2+€N < T7/3+€.

Whence Lemma 2.2 follows. O

Lemma 2.3. LetT' > 10 be a large parameter and y be a real number such that
T° <y < T. Define forany T < x < 2T that

Aza(x;y) := Az(x) — Az (23 y).

Then we have

2T
/ |Asa(z;y) > de < T3y =13 (y < TV/3). (2.3)
T

PROOF. We give a very short proof (2.3). We take d = 3, a(n) = ds(n), N =

[T%¢], 0* = 7/12, and M = [T%/3]. As in the proof of Theorem 1 in [2], we can

write
7

Asz(z;y) = Ri(z3y) + ZRj($)7
=2
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where

* x1/3 d3(n) 1/3
Ri(z;y) :== E%;M s cos(67(nx)'/?)

and R;(z) (j = 2,3,4,5,6,7) were defined in Page 2129 of [2]. Similar to the
formula (8.11) of [2], we have the estimate (noting that y < T/3 )

2T
/<mmw+mm9m

T
d3(n)
< ) 473
y<n<M

27
/ 22/3 dp + TO/3rep—1/6 4 pa/3+e pr1/3
T

< T5/3+£y—1/3 4 Tl/9te T5/3+5y—1/3,
which combining (8.17) of of [2] gives (2.3). O

Lemma 2.4. Let T' > 10 be a large parameter and Y be a real number such that
T* <Y < T. Forany T < x < 2T define

zt/4 da(n) 1 ™
VY 2_ T
Aoy (z;Y) := o néy 371 €08 [47r(n:r) 4} :

Then uniformly for Y < T we have

2T
[ 1B tas < 724 04
T

IfY < T3 then we have

2T
/ |Agy (2;Y)[Bda < T3F=. (2.5)
T

PROOF. Forany 1 < N < zx, we have (see, for example, [5])
As(z) = Aoy (25 N) + O (:cl/?*EN*l/?) . 2.6)

We first show (2.4). If Y < T''/2, then by the same approach as the proof of
Lemma 2.2 we get (2.4). If T >> T/2, from (2.6) we have

Aoy (.I‘; Y) = A9y ($; \/T) + O($1/4+5).
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So (2.4) follows from the case y = VT.
Using the approaches of Theorems 13.8 and 13.9 directly to Ag;(z;Y) we can
get (2.5) easily. So, we omit the details. O

Lemma 2.5. Let T > 10 be a large parameter and Y be a real number such that
T* <Y KT. ForanyT < x < 27T define

Ao (z;Y) := Ag(x) — Aoy (2;Y).
Then for Y < T we have

oT
/ |Aga(a; V)2 da < T3/ ey —1/2, (2.7)
T

IfY <« T1/3, then we have

o7
/ |Agg(z; V)| da < T?Hey /3, (2.8)
T

PROOF. The estimate (2.7) is Lemma 2.2 of Ivi¢ and Zhai [7].
From (2.5) and (1.3) with Ay = 8 we have

2T 2T
/ | Ago(x; Y)|8 dz = / |Ag(x) — Aoy (x; Y)|8 dz
T T

2T 2T
< / | Aoy (z;Y) [ da +/ |Ag(2)|® do < T3¢,
T

T
(2.9)
Now from (2.7), (2.9) and Holder’s inequality we get
2T 2T 2/3 2T 1/3
/ ’AQQ(.T;Y)’4 dor <« </ |A22(.’L’;Y)|2> </ |A22(.’E;Y)|8>
T T T
<< T2+6Y*1/3. D

Lemma 2.6. Suppose (i1,i2) € {0,1}?> and Y > 10 is a real number. For
(n1,n2,n3) € N3, define

ag:=/n1+ (=1)"/nz + (=1)2/ng,

o da(n1)da(ng)ds(n3)
H(Y;iy,i2) 1 = Z (n1ngnz)3/4lag|
n;<Y,1<5<3
az#0
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Then we have
H(Y;iy,ip) < Y4+,

PROOF. This is Lemma 2.6 of the author [18]. O

Lemma 2.7. Let N, M, K > 10, D = max(N, M, K),0 < A < D'/2. Let

AN, M,K;A) = > 1.
n~N,m~M,k~ K

Vi/m—VE|<A

Then we have
D A(N,M,K;A) < AD"Y2NMK + D™Y2(NMK)'/2.
PROOF. This is Lemma 2.4 of the author [18]. O

Lemma 2.8. Suppose f(x) is real-valued such that |f'(xz)| > A > 0 in [a,b],
then we have

b
1
/a e(f(x)) dw < .
PROOF. See, for example, Ivié [5]. O

Lemma 2.9. We have the estimates

Z da(n) < zlogx, Z ds(n) < zlog?x.

n<x n<x

PROOF. See, for example, Ivié [5]. O

Lemma 2.10. Suppose T’ > 3 is a large parameter. Then we have the estimate

Z d2 (n)dg (m)

4
33 A|pl2 — 2| <log™T.

nm<T

n#m
PROOF. See, for example, Ivi¢ and Zhai [7]. O

Lemma 2.11. If /n + /m — Vk # 0, then we have
1

n+vm—Vk| > :

Vn+ v > T

PROOF. This is Lemma 2.5 of the author [18]. O
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3. Proof of Theorem 1.1
Let 7" > 10 be a large parameter. We only need to estimate the integral

2T
P(T) := . As(z)A3(z) d.

Suppose T¢ < y < T/3 is a parameter to be determined later. Write

P(T) = P\(T) + Py(T) (3.1)
where -
PUT) = | Aa(ay)Af() da,
and -
Py(T) = g Agp(z;y)A3(x) da.

By Lemma 2.3 and (1.3) with Ag = 4 we get
Py(T) < T1V/6%2y=1/6, (3.2)

It suffices for us to bound P; (T). Suppose T¢ < Y < T'/3 is a parameter to be
determined later. Write

P (T) = Pll(T) + 2P12(T) + P13(T), (3.3)
where
2T
P (T) := Az (z;y) A3 (2;Y) da,
T
oT
Po(T) := Aszi (w5 y) Ao (2;Y ) Aga(2;Y) du,
T
oT
Py3(T) := Asy(x; y)A%Q(x;Y) dz.
T

From Lemma 2.2, (2.4) of Lemma 2.4, (2.7) of Lemma 2.5, and using Holder’s
inequality, we get

2T 1/4 , Lot 1/4 , Lor 1/2
Puo(T) <<< Al (21) da:) ( Ad (2:) dx) ( AZy(2:Y) dx)
T T T

<<T11/6+6Y_1/4, (34)
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By Lemma 2.2, (2.8) of Lemma 2.5 and Holder’s inequality we get
2T 1/4 2T 1/4 2T 1/2
Pi3(T) < ( / A3 (z3) dx) ( / 1dt> ( Al (z;Y) dx)
T T T
<< T11/6+€Y_1/6. (3.5)
We now bound P;; (7). By the elementary formula

1 ) .
COS (¥] COS (xp COS (V3 = — Z cos [a1 + (1) az + (—1)%2as)

(jl 7j2)€{071}2
we can write
Aszy (z39)) (Ao (2;Y))?
$5/6

- 2/373

Y OY Y T d3(n)d2(”gl)d3(m2)

(j1,42)€{0,1}2 n<y m1 <Y ma<Y n3mims

X €08 [67r(na:)”3 + (=1)7 47 (2my)V/?

1P r(ama)! /2 = T+ (1)

= S1(x) + Sa(x) — S3(x),

where

Si(z) : = ﬂ: Z Z Z d3(”)dz(”§1)d32(m2)
2V/37

n<ymi1<Y ma<Y nimf mé‘

X sin [6ﬁ(n$)1/3 + dm(zm) /% + 477(””2)1/2] )

Sg(l‘):: $5/63Z Z Z d3(n)dz(n”;1)d32(m2)
2v/37

n<ym1 <Y mao<Y nimf mé‘

X sin {67r(nx)1/3 — 47r(zm1)1/2 - 47T($m2)1/2] )

z>/6 dz(n)da(my)da(m
sg(m);:ﬁz Y% 3()3( ;) ;( 2)

n<ym1<Y mao<Y ngmfmﬁ

X COS [6#(711:)1/3 — 47r($m1)1/2 + 477(-"57712)1/2] .
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Let
fi(x) = 6m(nz)'3 + dx(2my) Y2 + dx(xmg) /2.

Then for any T' < z < 2T, we have

/ mY/? 4 ml/?
fi(z) > T-

By Lemma 2.8, Lemma 2.9 and the inequality a® + b* > 2ab we have

/2T51( dr < T4/3Z Z Z 2d (;l)d;(mll/)jQ(TnQ)
T

1/2
n<ymi<Y mo<y n3mimsg (my’" 4+ my / )

<73 % dz(n dz (m1)da(mz)

n<ym1<Y ma<Y n3m1m2
< T4/3y1/3 log® T (3.6)
Let
fo(z) = 6m(nx)'/? — dm(@my)/? — dm(zmy) /2.
Then

/ —
f2(l')—271' <$2/3 x1/2

Since vy < T1/3, it is easy to see that forany n < y, m; <Y, mg < Y, and
T <z < 2T we have

nl/3 m}/2+m§/2>

/ —
’fQ(‘T)l > 1'1/2
So similar to S1 (), by Lemma 2.8 and Lemma 2.9 we have
2T (

So(z) dr < T4/3Z Z Z . da(mq)da(ms)

3 3
33 99 1/2
n<ymi<Y mo<Y n3mims (m; / +m/)

< T3y 3 10g8 T (3.7)
Now we consider the contribution of S3(x). We write

53(55) = Sgl(x) + 532(1‘) + S33(l‘), (38)
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where

531 (93) L=

/6 ds(n)d3(m)
2 cos |6m(na) 3

/6 ds(n)ds(mq)da(m
Sgg(x);:ﬁz 3 3()3( 31) 32( 2)

n<y my<Y,mg<Y n3mims
mi1<mo

X COS {6%(71:1:)1/3 — dm(zm)V? + 47f($m2)1/2] )

25/0 ds(n)da(mq)da(m
533(93)::@2 3 3(1) f( 31) 32( 2)

n<y my<Y,mo<Y n§mf mé‘
mi>mo

X COS [67r(nx)1/3 — 4m(xmq)Y? + 47T(=’L”m2)1/2] .

Obviously, by Lemma 2.8 and Lemma 2.9 we have

27
Ss1(x) dz < T%?1og® T. (3.9)
T
Let
fa(x) = 6m(nz)'/? — 47 (xmy)Y? + dx(wmg) /2.
Then

nl/3 2 m;/2
fi(x) =27 <x2/3 | 7 :

If m1 < ma, itis easy to see that for any 7' < & < 27" we have

| f3(x)] > —rir

So by Lemma 2.8 and Lemma 2.10 we have

2T ds(n)d d
[ sonraT 5 s
—m)

n<ym1<Y mo<Y nEmf mé‘ ‘ml

< T3y B 10g8 T (3.10)
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Finally, we consider the contribution of S33(z). By a splitting argument, S33(x)
can be written as a sum of O(log® T') terms of the form

x5/6 n m m
Yy RIRm) ),

2 2 2
V3 n~N my~My,mg~Ms n3mims
mi1>ma

J(.’L‘;N, Ml,MQ) =

We write further that
J(x; N, My, My) = Jy (3 N, My, My) + Jo(z; N, My, M) + Ja(; N, My, My),
where
SC(J1): n~ N, my~ My, mg~ My,
mi > Mo, nt/3 > 10T1/6(m}/2 — mé/Q),
SC(J2): n~ N, my~ M, mg~ My,

1
my > ma, nl/3 < 1_()T1/6(m%/2 _ m;/z)’

SC(Jg): nNN, m1~M1, mQNMg,

mi1 > ma, nt/3 < Tl/ﬁ(mi/2 — mé/z).

For .J;, we have | f3(z)| > n'/3T~2/3. So by Lemma 2.8 and Lemma 2.9 we get

/2T Ji(z; N, My, M) dz < T3/QZ Z Z d3(n)d2(77:1)6312(m2)

T n<ym1<Y mo<Y nmf mé‘

< T3y 1060 T (3.11)

For Jy, we have |f3(z)| > \mi/Q - m;/zl/Tl/Q. By Lemma 2.8 and Lemma
2.10 we get

2T
Ja(a; N, My, Mp)de < TN % % d3(§1)d32(m1)d2(m2)

2 3 .12 1/2
T n<y m1<Y ma<Y anfmf‘ml/ —m2/ ’

< T3y 3 10g8 T (3.12)

Now we consider the contribution of Js3(x; N, M7, Ms). We only need to bound
the integral fQ%T 2%/6 cos f3(x) dz. Suppose n > 0 is a small parameter to be deter-
mined later. Let

L={T<z<2T:|fs(z)| >n}, L={T<z<2T:|f3(z)] <n}.
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Without loss of generality, we suppose that both I; and I, are not empty.
Suppose z € I». Then we have |n!/3 — 21/6(m1/? — m3/?)| < n(2T)%3, which

implies that
1/3 T2/3
1/6 _ n n _
ro= 1/2 1/2 +0 <m1/2 1/2) )
2 1

Obviously I is a closed interval. Let Iy = [z, x2]. By the Lagrange theorem, we
get
77T3/2

S AR VR VN
(my/? = my?)

which implies that

7IT14/6

/ 2%/ cos f3(z) do < T%%(zy — 1) < 1212
ml _m2

Ip)

By Lemma 2.8 we have
T5/6
/ 2°/6 cos f3(x) do < —.
I n

So we get by choosing 1 = |m}/2 - mé/2|1/2/T3/4 that

27 19/12
T
/ 2°/6 cos fa(x) dz <

4 (my/? — my )2
Since n!/3 < Tl/6‘m}/2 1/2
2T 5/3
T
/ 3;5/Gcosf3( )dr < /6 (3.13)
T
which implies that
2T
d d d
JREICE BV RTATEES D DD a(n)da(mmn)dy (o)
T n~N mq~M7y,mgo~ Mo ng m14 mél
1/2 1/2,_nl/3
my T =my T X g
T5/3
ds( da(my)da(ma). (3.14)
e A2
1/2 1/2 _nl/3
ml —m

2 =76
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It suffices for us to bound

U= dsn) > da(my)da(msz).

n~N my~Mq,mg~Mg

12_, 1/2)_ nl/3
m1/ / =<7 T1/6
1/2 1/2
It is easy to see that if [m;"" —my'"| < T1 /6 , then for fixed my, the number of ma’s

/3 1/ 2
s 1+ W By the symmetry of m; and mo, Cauchy’s inequality and Lemma

2.9 we have

U< dg(n) D di(m) > 1

n~N mi~DM; mo~Mg

my/2my/ =
nt/3 m}/Q
<X i) X aom)(1+ )
n~N mi~M;
N4/3
< NM;log® T + M 1065 T. (3.15)

T1/6

Inserting (3.15) into (3.14) we get

2T 5/3 N4/3
) T 5 3/2
/T J3(x; N, My, Ms) dz < —N5/6 3/2 <NM1 log® T + Ti/6 M; log T

<< T5/3y1/6 log5T_|_ T3/2y1/2 logs T (316)

From (3.11), (3.12) and (3.16) we have

2T

Ssz(z)dz < K(T,y,Y),
T

which combining with (3.8)-(3.10) gives

2T

S3(z)de < K(T,y,Y), (3.17)
T

where
K(T,y,Y): = T3y 5 1og" T + T%2y'/?10g° T

+ T3y 3 10g8 T+ T32Y 2 10g T.
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From (3.6), (3.7) and (3.17) we obtain
P (T) < K(T,y,Y). (3.18)
From (3.1), (3.2) and (3.18) we get by choosing y = Y = T''/3 that
P(T) < K(T,y,Y) + T1/6+ey—1/6 | T11/6+5y—1/6 < T16/9+5’ (3.19)

which combining with a splitting argument proves Theorem 1.1.

4. Proof of Theorem 1.2

We shall estimate the integral

27
Q(T) = . As(z)A3(z) de.

Suppose T¢ < y < T'/3 is a parameter to be determined later. Write

Q(T) = Q1(T) + Q2(T), 4.1)

where

2T 2T
A1)i= [ An(n)ale)ds QuT)i= [ Aulwin)aia) dn

By Lemma 2.3 and (1.3) with Ay = 6 we have
QQ (T) < T25/12+6y_1/6. (42)

It suffices for us to bound Q1 (7). Suppose T° < Y <« T'/3 is a parameter to be
determined later. We write

Q1(T) = Q11(T) +3Q12(T) + 3Q13(T) + Q14(T), (4.3)
where
o7
Qu(T) = . Asi(z;y) (Ao (7)) da,
o7
Q12(T) = . Az (z39) A3 (2;Y) Aga(2;Y) da,
2T
Qu3(T) == . A1 (759) Ao (2;Y) (Age(2;Y))? da,
2T
Qua(T) := Ay (5 y)(Aga (a3 Y))? da.

T
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By Lemma 2.2, (2.5) of Lemma 2.4, (2.7) of Lemma 2.5 and Holder’s inequality,
we have

or i 2T i or 3
Qus(T) <<< A§1<z;y>dm) ( Aém;ndx) ( A%Q@c;mdw)
T T T
<« T?/12+ey—1/4, (4.4)

By Lemma 2.2, (2.4) of Lemma 2.4, (2.8) of Lemma 2.5, as well as Holder’s
inequality, we have

2T i 2T % 2T b
Qus(T) <<( A§1<x;y>dx) ( A;*l(w;Y)dx) ( A%2<x;Y>dx)
T T T
< T25/12+6Y_1/6_ (45)

By Lemma 2.2, (2.8) of Lemma 2.5 and Holder’s inequality, we have

2T i/ T 3
) < ([ shnac) ([ aby)ar)
T T
< T25/12+€Y_1/4. (4.6)

It suffices to bound Q1 (7). By the elementary formula

4
1 . . .
Hcos =g Z cos [(=1) oy + (—1)%a2 + (—1)2as + o],
I=1 (j1.52,73)€{0,1}3

we have

Asi(z3y) (Ao (2;Y))3

1

o g dmdm)dm)dm) sy
3

[

3
1

. 2
267 maim

2
3

VN[

1)
n<ymi,ma,m3<Y n3mq

X COS [47r(:cm1)1/2 — %] cos |:47T(£L‘m2)1/2 — E] cos [47r(xm3)1/2 — z}

4 4
g Z Z Z ds(n)ds(mq)da(mz)da(ms)
- 16\/67(4 2 % % %
(41,72,33)€{0,1}3 n<y m1,m2,m3<Y n3Mmy Mgy Mg

xcos f(zin,m,j),  (47)
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(m1,ma,m3),j = (j1,52,J3), and

where m =
+ (=1)4m(zmy)*/?

flzyn,m,j) = 67r(:cn)1/3
—1)247(zma) /2 + (1) 47 (xm3)'/?

(4.8)

(
+ %((_1)]'14—1 + (_1)j2+1 + (_1)j3+1).

For each j, we shall estimate the integral

1)dz(ms)dy(ms) cos f(z;n,m,j)dz.

. dz(n)da(m
Hunw:/ 71912 3 3 daln)da(m)
Emf

n<y m

)
3
1
3

l\'JMw

m

Since y < T3 it is easy to see that if j = (0,0,0) orj = (1,1,1), we have

(@ nm, )| > my/? + my” 4 my?.

By Lemma 2.8 and Lemma 2.6 we get

ds(n)dz(m1)da(ma)da(ms)

H(T:j) <12y a(n)da(m
2 i (/2 1/2 1/2
n<ymi,mz,ms<y n3mi{msms(my’ " +my' " +mg’")
< T1/121 /3y 1/4 1066 (4.9)
Now we suppose j # (0,0,0) and j # (1,1,1). Let
0= (=1 ()2 4 (<12 ) V2 + (1) ()2
Then f'(z;n,m,j) = 27 (n'/3/2%/3 + o /z1/?).
If n'/3 > 107"/%|/, then by Lemma 2.8 we have
27
/ 21312 cog flzyn,m,j)dz < T 4p=1/3,
T
whose contribution to H (T; j) is
d3(n)da(my)dz(ma)ds(ms)
<1y X T
n<y mi,mo,m3<Y nmf m§ m?‘f
(4.10)

< T4y 3/ 0g5 T
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Ifn!/3 < %T1/6|al, then by Lemma 2.8 again we have

o1
/ 212 cos f(x;n,m, j) dz < T/ /|al.
T

whose contribution to H (7'; j) is (via Lemma 2.6)

< T19/12 Z Z d3(n)d2(m1)d2(m23)d2(m3)

n<ymi,me,m3z<Y n2/3m
< TY/124ey 13y /4 4.11)

Now suppose n'/3 =< T/6|q/, then similarly to (3.13) we have the estimate

2T, T23/12
/ x?cosf(xnm.])dm<<‘ 7
T

whose contribution of H(T;j) is

< T23/12 Z n5/6 G(T,n), (4.12)
n<y
where J J J
G(T,n) := Z 2(m1) ;(722) 32(m3).
mi,mg,m3<Y mf mél mél

|a\§n1/3T*1/6

By a splitting argument and Lemma 2.7 we get (suppose M < My < M3 <K
Y)

da(mq)da(ma)da(m
my~Mqy,mgo~Mg,mg~Mg mf mél mél

|a|§n1/3T_1/6

ye 1/3
< 3><<" MMy MY? + M2

miviag ATV
- nl/3y1/Ate . Yal 3
T1/6 M M M
- nl/3y1/Ate ye

T1/6 + (M1M2M3)5/12'
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By Lemma 2.11 we have |a| > 1/v/M;M;Ms, which combining with |a| <
n'/37=1/6 implies that
1 n5/18

(M1M2M3)5/12 < T5/36°

So we get
nl/3y1/4+€ n5/18y5

T1/6 + T5/36 °
Inserting the above bound into (4.12) we get via Lemma 2.9 that the contribution of
the case n'/3 =< T/6|a is

G(T,n) <

< T7/4+£y1/2Y1/4 + T16/9+ay4/9. (4.13)

From (4.10), (4.11) and (4.13) we see that if j # (0,0,0) and j # (1,1, 1), then
we have

H(T;j) < L(T,y,Y)T* (4.14)
by noting that T19/12y1/3T1/4 <« T7/4y1/2y1/4 where
L(T,y,Y) := TT/AyL/2y /4 L p16/9,4/9 | T4y 8/4,
From (4.7), (4.9) and (4.14) we get
Qn(T) < L(T,y,Y)T®,
which combining with (4.4)—(4.6) gives
QU(T) < L(T,y,Y)T® + T%/12+ey—1/6, (4.15)
From (4.1), (4.2) and (4.15) we get by choosing y = Y = T''/3 that
Q(T) < L(T,y,Y)T* + T25/12+ey —1/6 | 25/124,~1/6
< TT3/36+e
which combining with a splitting argument proves Theorem 1.2.
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