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Abstract
The MMWICP (miniature microwave ICP) is a new plasma source using the induction
principle. Recently Klute et al presented a mathematical model for the electromagnetic fields
and power balance of the new device. In this work the electromagnetic model is coupled with a
global chemistry model for nitrogen, based on the chemical reaction set of Thorsteinsson and
Gudmundsson and customized for the geometry of the MMWICP. The combined model
delivers a quantitative description for a non-thermal plasma at a pressure of p = 1000 Pa and a
gas temperature of Tg = 650–1600 K. Comparison with published experimental data shows a
good agreement for the volume averaged plasma parameters at high power, for the spatial
distribution of the discharge and for the microwave measurements. Furthermore, the balance
of capacitive and inductive coupling in the absorbed power is analyzed. This leads to the
interpretation of the discharge regime at an electron density of ne ≈ 6.4 × 1018 m−3 as
E/H-hybridmode with an capacitive and inductive component.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The MMWICP is a promising new plasma source which trans-
fers the principle of inductive coupling successfully to a small
jet and was first described in [1]. It is based on a specially
designed resonator that acts as an LC-circuit with a high qual-
ity factor Q. During experimental operation, the MMWICP
was characterized using optical emission spectroscopy (OES),
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optical imaging and ‘Hot-S-Parameter’ spectroscopy [2, 3].
The principle of inductive coupling was proven. Among the
results, the high electron density of up to ne ≈ 3.5 × 1019 m−3

is particularly remarkable. The measured gas temperature of
Tg = 650–1600 K shows that the plasma is far away from ther-
mal equilibrium. The new source is therefore a potential tool
for various technical applications, such as plasma surface treat-
ment [4], gas conversion [5], material processing [6], analytic
spectroscopy [7] etc. Although the operation was successful
for a wide pressure range of p = 50–1000 Pa and with differ-
ent gases (argon, nitrogen, oxygen), the source is best stud-
ied for a nitrogen plasma at p = 1000 Pa. Nitrogen allows a
very sensitive determination of the electron density using OES
and the pressure of p = 1000 Pa is high enough to describe
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the plasma kinetics in a local approximation [2]. Operation
under atmospheric pressure is planned for future experiments
to extend the range of applications to the biomedical and envi-
ronmental field [8, 9]. Parallel to the experimental studies the
theoretical description of the jet has progressed [10]. The work
presented by Klute et al is based on two submodels: first, an
electromagnetic model for the fields E, B and the microwave
power Pabs, absorbed by the plasma. And second, a global
model for an argon plasma. The resulting description is in
good agreement with some experimental findings but it can not
claim quantitative validity as the plasma model includes strong
simplifications and is only available for argon. The purpose of
this work is to correct these deficiencies and present a quan-
titatively accurate model for nitrogen at p = 1000 Pa. This is
achieved by combining the electromagnetic part of [10] with
a global chemistry model for nitrogen, based on Thorsteins-
son and Gudmundsson [11], customized for the geometry of
the MMWICP. The paper is structured as follows: section 2
presents the electromagnetic field model as well as the global
chemistry model, including the necessary modifications for
the MMWICP. Both submodels are coupled self-consistently.
Section 3 briefly outlines the diagnostics used for the experi-
mental characterisation. The results of the theoretical model
are compared with experimental data in section 4. In addi-
tion, the balance of capacitive and inductive coupling in the
absorbed power is investigated for different discharge regimes.
The paper concludes with a summary and conclusion in
section 5.

2. Theoretical model

2.1. Electromagnetic model

The model of Klute et al is used for the electromagnetic
description of the MMWICP [10]. It uses cylindrical coordi-
nates (r,φ, z) with natural orientation as shown in figure 1.
With respect to the variable r and the cavity’s radius R, there
are three different zones defined as follows: the inner zone
from r = 0 to r = R − d − δ contains plasma of a constant
electron density ne, the zone from r = R − d − δ to r = R − d
is the electron-depleted sheath (with constant length δ in this
model), and the zone from r = R − d to r = R is the dielec-
tric tube with thickness d. The magnetic field B and the elec-
tric field E are assumed to be invariant in the z-direction, but
depend on r and φ. This is due to the capacitor gap at φ = 0,
which breaks the azimuthal symmetry. Using a time harmonic
approach, the fields for the plasma zone, which is of interest to
this work, are written as follows:

B(r,φ, t) = Re
(
Bz(r,φ) exp(iωt)ez

)
, (1)

E(r,φ, t) = Re
(
Er(r,φ) exp(iωt)er

+ Eφ(r,φ) exp(iωt)eφ
)

, (2)

with the additional charge density ρ and the current density
j:

ρ(r,φ, t) = Re
(
ρ(r,φ) exp(iωt)

)
, (3)

Figure 1. Cross section and inner dimensions of the resonator,
where R represents the radius of the borehole, d the wall thickness
of the dielectric tube and ds the width of the capacitor gap. The
coordinate system used for calculation is shown inside the cavity.

j(r,φ, t) = Re
(

j
r
(r,φ, t) exp(iωt)er

+ j
φ
(r,φ) exp(iωt)eφ

)
. (4)

The full set of Maxwell equations,

1
μ0

1
r
∂Bz

∂φ
= j

r
+ ε0iωEr, (5)

− 1
μ0

∂Bz

∂r
= j

φ
+ ε0iωE (p)

φ , (6)
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r

∂(rEφ)

∂r
− 1

r
∂Er

∂φ
= −iωBz, (7)

is considered and coupled to the cold plasma model. It com-
prises of the equation of charge conservation

iωρ +
1
r

∂(r j
r
)

∂r
+

1
r

∂ j
φ

∂φ
= 0, (8)

and the equation of motion, where ωpe is the plasma frequency
and ν the collision rate,

iω j
r
= ε0ω

2
peEr − ν j

r
, (9)

iω j
φ
= ε0ω

2
peEφ − ν j

φ
. (10)

Second order differential equations arise for E and B. They are
analytically solved in the frequency domain. A Fourier-series
approach is used to account for the symmetry breaking due to
capacitor gap. The solutions consist of an infinite number of
modes ordered by the azimuthal wavenumber m:

Bz(r,φ) = u
∞∑

m=0

CmJm

(√
εp

ω

c
r
)

cos(mφ), (11)

E(r,φ) = Re

(
c2

iωεp

1
r
∂Bz

∂φ
er −

c2

iωεp

∂Bz

∂r
eφ

)
, (12)

where the Jm denotes Bessel functions of the first kind and

order m, εp = 1 − ω2
pe

ω2−iων the relative plasma permittivity, c the
speed of light and ω and u the driving frequency and ampli-
tude voltage of the microwave signal at the gap capacitor. The
constants Cm can be found in [10]. The expressions (11) and
(12) contain the spatial resolution of the model. Evaluating

2



Plasma Sources Sci. Technol. 30 (2021) 065014 M Klute et al

the discontinuity condition for the magnetic field at the cavity
boundary, the admittance of the plasma can be derived [10]:

Yp(ω, ne) =
∞∑

m=0

Ym(ω, ne). (13)

The mode m = 0 is related with inductive coupling and the
modes m � 1 with capacitive coupling [10]. This allows to
cast the system of plasma, resonator and matching network in
the form of a lumped element equivalent circuit [10]. With the
resulting admittance for the combined system, Ys(ω, ne), the
power absorbed by the plasma reads

Pabs(ω, ne) =
1
2

Re (Ys(ω, ne)) u2
s , (14)

where us represents the voltage of the microwave generator.
As the original work was done for argon and p = 100 Pa, the
higher collision rate must be corrected. For a gas particle den-
sity of ng = 4.65 × 1022 m−3, a cross section of 2.5 × 1019 m2

[12] and a thermal electron velocity of 6.73 × 105 m s−1 (for a
measured gas temperature of Tg = 1600 K), the collision rate
is given by ν = ngσvth = 7.8 × 109 Hz.

2.2. Plasma model

The plasma is represented via a volume-averaged global
model developed by Thorsteinsson and Gudmundsson [11].
The model is briefly described here and further details are
provided by the original study. Our model implementation
is subjected to a code-to-code verification with the simula-
tion results, as well as the validation against the measure-
ments presented in [11] and a good agreement is obtained.
The chemical kinetics properly addresses the considered
pressure regime (e.g. compared to high pressure models of
Sakiyama et al [13]) and additional modifications are omitted.
A total of 15 nitrogen species are included: the seven low-
est vibrationally excited states of the nitrogen molecule in the
ground state N2(X1Σ+

g , v = 0 − 6), the metastable molecule
N2(A3Σ+

u ), the ground state atom N(4S), the metastable atoms
N(2D) and N(2P) as well as the ions N+, N+

2 , N+
3 and

N+
4 . Every species X follows the volume-averaged balance

equation
dn(X)

dt
=

∑
i

R(X)
gen,i −

∑
i

R(X)
loss,i, (15)

where n(X ) denotes the particle density, R(X)
gen,i represents a net

generation process and R(X)
loss,i a net loss process. The volume-

averaged energy balance is written as

d
dt

(
3
2

eneTe

)
=

1
V

(Pabs − Pche − euBniAeff(εi + εe)) , (16)

where Pabs is the power gained from the electromagnetic fields
by the electrons and Pche is the net electron energy loss in the
homogeneous chemical reactions. The third term on the right
side accounts for the energies εi and εe, carried off by the ions
and electrons lost to the mantle surface with the effective area
Aeff = 2πhR(R − d)L = hR125 mm2, where e is the elemen-
tary charge, uB the Bohm velocity and ni the ion density. The

edge to center scaling factor hR is given by

hR ≈ 0.80

[
4 +

R − d
λi

+

(
0.80(R − d)uB

χ01J1 (χ01) Da

)2
]−1/2

, (17)

where λi is the mean free path of ions, χ01 ≈ 2.405 is the
first zero of the zero order Bessel function J0 and Da is the
ambipolar diffusion coefficient [14]. Only radial losses are
considered, since there are no axial boundaries and the plasma
column extends beyond the resonator. The sum of the two
loss terms in (16) is defined as Ploss(ne), representing the total
power loss to the plasma. Finally, the volume of the dis-
charge is denoted with V = π(R − d)2L. The model is eval-
uated for an equilibrium state. A pressure of p = 1000 Pa
is assumed here; the gas temperature is linearly interpolated
between Tg = 650 K and Tg = 1600 K, depending on the
power. The electron density follows from the particle bal-
ance as well as quasi neutrality and the electron temperature
from the energy balance. The authors refer to earlier studies
[15–17] for a validation and a verification of the global model
of microwave-induced discharges in the considered pressure
regime.

3. Diagnostics

The diagnostics used for the experimental characterisation of
the MMWICP are briefly outlined below. The used methods
can be categorized as either optical or microwave based.

3.1. Optical measurements

Optical and spectroscopical measurements are performed
using the experimental set-up shown in figure 2. High-
resolution optical emission spectroscopy (HROES) is used
to determine global plasma parameters, since the Langmuir
probe is not applicable for the MMWICP. In particular the
UV system of Nitrogen is investigated. A high dispersion
Echelle spectrometer (resolution of Δλ = 0.015–0.06 nm for
λ = 200–800 nm) provides the rotational distributions of the
second positive (N2(C–B)) and the first negative (N+

2 (B–X))
nitrogen system. A theoretical model is fitted to the mea-
sured spectra by varying the assumed ion and gas tempera-
ture [2]. This allows the determination of the neutral gas tem-
perature Tg. To calculate the electron density ne, the plasma
kinetics will be described in a local approximation. (This is
well fulfilled for our experimental conditions at p = 1000 Pa.)
A Boltzmann solver then provides the relation between the
reduced electrical field and the electron energy distribution
function [18]. By evaluating a simple collision radiation
model, the (global) electron density ne can be calculated. All
calculations are performed for an equilibrium state and are
based on known cross sections for the according processes
[12]. A detailed description for this method can be found in
[19, 20].

An imaging system is used to investigate the spatial dis-
tribution of the emission. The setup consists of a telecentric
macro lens, an ICCD camera with a resolution of 28 μm and
two alternating Fabry–Perrot filters in front of the lens (to
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Figure 2. Experimental set-up used for the optical and spectroscopical characterization of the MMWICP. Top: optical set-up. Bottom: cross
section of the resonator perpendicular to the optical axis. (a) Al-shielding, (b) resonator, (c) quartz tube, (d) plasma, (e) capacitor gap.
Reproduced from [2]. © IOP Publishing Ltd. All rights reserved.

Figure 3. Experimental set-up for the ‘Hot-S-parameter’
spectroscopy. This measurement principle enables the simultaneous
excitation of the plasma and measurement of the complex S11
parameter. Reproduced from [3]. © IOP Publishing Ltd. All rights
reserved.

Figure 4. Absorbed power Pabs (black curves) and loss power Ploss
(blue curve) from the theoretical model as a functions of ne. Pabs is
shown for four different incident powers P0. The intersections of
both curves represent stationary points of the model. The
experimentally determined points have been marked with P1 and P2.

select the spectral lines of interest). By adjusting the filters to
either 380 nm or 391 nm, the emission of the second positive
(N2(C–B)) and the first negative (N+

2 (B–X)) nitrogen system

Figure 5. Stable (solid) and unstable (dashed) stationary points in
the plane P0 (incident power) and ne (electron density). 1 − |Γ|2
represents the fraction of P0 that is absorbed by the plasma. The
experimentally determined point P2 has been marked.

Table 1. Results of the experimental characterization.

P0 (W) Pabs (W) Tg (K) ne (m−3)

20 12 650 ± 20 (6.4 ± 2.7) × 1018

88 78 1600 ± 100 (3.5 ± 1.7) × 1019

are captured spatially resolved. By comparison with the simul-
taneously measured results of the Echelle spectrometer, the
intensities can be determined absolutely. The collision radia-
tion model then provides the strength and spatial distribution of
the electric field E. In addition to the optical measurements, the
signal generator is used to determine the incident and reflected
power.

3.2. Microwave measurements

The microwave diagnostics of the MMWICP are based on
the so called ‘Hot-S-Parameter’ spectroscopy, described in
detail in [3]. For this method two microwave signals are com-
bined as shown in figure 3: first, a signal from a microwave
generator (hp8350B) and second, from a network analyzer
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Figure 6. Top: Smith chart representation of the complex impedance as a function of the frequency ω for different electron densities (theory,
left) and different excitation powers (experiment, right). Arrows indicate the variation of frequency from low to high. The considered
frequency range is identical to the lower figure. The experimental curves have been rotated by a phase shift to show only the contribution of
the resonator. Bottom: ratio of the absorbed power to the incident power Pabs/P0 = 1 − |S11|2 as a function of the frequency ω for different
electron densities (theory, dashed lines) and different excitation powers (experiment, solid lines).

(Rohde & Schwarz, ZVA8). The strong microwave signal
with fixed power and fixed frequency of 2.45 GHz excites
the plasma and defines the parameters of the discharge. The
second, much weaker microwave signal (−30 dB) with vary-
ing frequency is overlapped in order to investigate the plasma.
The sum signal is amplified and sent to the plasma source.
It is assumed that no significant harmonics and intermodula-
tion products occur and the plasma remains unaffected by the
probe signal. This applies in microwave frequencies since the
recombination time of electrons and ions is in the range of
microseconds (much longer than a microwave period). For a
fixed set of plasma parameters (ne, Tg..), the frequency of the
probe signal will be varied. The network analyzer then pro-
vides the complex scattering parameter S11 as a function of the
frequency. The results can be represented as resonance curves
in the frequency domain. In addition the plasma impedance
and coupling efficiency can be derived [3].

4. Results

4.1. Global plasma parameters

This section compares results from the theoretical model with
experimental data. First, volume averaged (global) parameters

are considered. Figure 4 shows the absorbed power Pabs(ω, ne)
as a function of ne for various values of the incident microwave
power P0. The curves of Pabs(ω, ne) show two peaks. The first
peak appears at low electron densities and results from the
resonant capacitive modes m � 1; it represents the capacitive
regime. The second peak appears at high values of ne and
results from the mode m= 0; it represents the inductive regime.
The second (blue) curve in figure 4 is the loss power Ploss(ne),
calculated from the global plasma model. Intersections of the
curves represent the stationary points of the model. Figure 5
shows the system characteristics in the P0-ne-plane (stable
stationary points are represented by the solid lines; unsta-
ble stationary points by the dashed lines). The experimentally
determined plasma parameters are listed in table 1 and have
been marked in figure 4 as P1 and P2 [2]. Simulation and exper-
iment both show two stable operating regimes, separated by
a significant change of the plasma parameters and coupling
efficiency. The measured and calculated stationary points in
the ne-Pabs-plane show a remarkable good agreement for the
high ne case, whereas model and experiment significantly dif-
fer for the low ne case. This can possibly be explained by the
spatial inhomogeneity of the discharge at low absorbed pow-
ers, as it follows from the results in section 4.4. Due to its
nature as volume averaged model, the global model assumes
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a homogeneous electron density and electron temperature in
the entire volume. These conditions are well fulfilled for the
homogeneous H-mode, but not if the plasma is operated at low
absorbed power. As a consequence the loss power is distorted
to unrealistically high values in the latter case.

4.2. Microwave measurements

In order to compare the microwave measurements with
the model, the theoretical S11-parameter is calculated using
the transformation S11 = (Ys(ω, ne)−1 − 50Ω)/(Ys(ω, ne)−1 +
50Ω). By varying the excitation frequency ω for a fixed elec-
tron density, the evolution of the S11-parameter in the fre-
quency domain can be studied. The resulting parametric plots
and their experimental correspondents are represented as reso-
nance circles in a Smith chart (upper part of figure 6). A good
correlation between experiment and theory can be observed in
the frame of these results: with increasing electron density and
absorbed power respectively, the resonance circles in figure
6 are contracting and approach the point z = 0 (left in the
Smith chart) i.e. the plasma conductivity is increasing and the
impedance is decreasing. The impedance reaches its minimum
(green line) in the capacitive regime. With further increas-
ing electron density and the absorbed power respectively, the
plasma conductivity increases, but also the impedance as the
conductive zone is decreasing due to the skin effect. The res-
onance circles are expanding again and approach the point
z = 1 (center of the Smith chart) i.e. the coupling efficiency
is improving as the point z = 1 represents ideal impedance
matching. This behavior indicates the onset of the induc-
tive coupling [3, 10]. The lower part of figure 6 shows the
ratio of the absorbed power to the incident power Pabs/P0 =
1 − |S11|2 as a function of the excitation frequency ω. The
agreement between theory and experiment depends again on
the absorbed power and electron density. In the case of high
absorbed power (blue lines), the experimental data is accu-
rately reproduced, showing a coupling efficiency of � 60%.
The capacitive case at a medium value of electron den-
sity and absorbed power shows as expected, a low coupling
efficiency of � 50% and discrepancies between model and
experiment. At very low electron densities (red line) the res-
onance curves approach the case without plasma. This causes
significant deviations between theory and experiment, presum-
ably due to the idealized description of the electrical network
in the model.

4.3. Mode analysis

The results are complemented by a mode analysis: Based
on the theoretical model the share of the individual modes
Y1(ω, ne), Y2(ω, ne), . . . , Ym(ω, ne) in Yp(ω, ne) will be exam-
ined for different stationary situations (only the real part of Y is
considered). This provides insights into the physical character
of the discharge. Figure 7 shows Re(Ym(ω, ne))/Re(Ys(ω, ne))
for m = 0, 1, . . . , 5 and as a function of ne. The experi-
mentally determined stationary points have been marked. For
ne = 6.4 × 1018 m−3 the modes m = 0 and m = 1 are domi-
nating. The corresponding discharge should be therefore called

Figure 7. Ratio of the individual modes Y0(ω, ne) . . .Y5(ω, ne) to
Yp(ω, ne) (real parts) as a function of ne. The experimentally
determined electron densities ne = 6.4 × 1018 m−3 (first dashed
line) and ne = 3.5 × 1019 m−3 (second dashed line) have been
marked.

Figure 8. Radial image of the plasma zone for Pabs = 12 W (left)
and distribution of |E|2 as calculated from the theoretical model
for ne = 6.5 × 1018 m−3 (right). The radial image is reproduced
from [2]. © IOP Publishing Ltd. All rights reserved.

Figure 9. Radial image of the plasma zone for Pabs = 78 W (left)
and distribution of |E|2 as calculated from the theoretical model
for ne = 3.5 × 1019 m−3 (right). The radial image is reproduced
from [2]. © IOP Publishing Ltd. All rights reserved.

E/H-hybridmode, as it includes a strong capacitive and induc-
tive component. This was first proposed in [2]. For ne = 3.5 ×
1019 m−3 the inductive m = 0 mode is dominating and con-
firms the interpretation of this discharge as H-mode. The cases
discussed in the microwave section can be characterized as
follows: For ne = 1 × 1018 m−3 the mode m = 1 is dominat-
ing, confirming the pure capacitive character of the discharge.
For ne = 8 × 1018 m−3 the capacitive m = 1 and inductive
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Figure 10. Measured electric field strength in the r–φ-plane for Pabs = 78 W (left) and simulated electric field strength |E| as calculated
from the model for ne = 3.5 × 1019 m−3 (right).

m = 0 modes make roughly equal contributions, confirm-
ing the interpretation of this case as onset of the inductive
coupling.

4.4. Spatially resolved results

The left part of figures 8 and 9 present the light emissions in the
r–φ-plane as seen from a perpendicular view and for two dif-
ferent stationary situations. For a qualitative comparison with
the theoretical model, 2-dimensional plots of |E|2 are used
as shown in figures 8 and 9 on the right. This is reasonable,
since in the local regime the light emission intensity is approxi-
mately proportional to the local absorbed power 〈j · E〉 ∝ |E|2.
Figures 8 and 9 both show characteristic emission patterns and
a good correlation between simulation and experiment. At low
absorbed power a narrow emission zone is formed close to the
gap capacitor (figure 8). At high absorbed power the emis-
sion zone resembles a ring shape and appears comparatively
homogeneous (figure 8). Figure 10 shows the measured and
calculated electric field strength |E| in the r–φ-plane. Simu-
lation and measurements show matching spatial distributions,
only the radial gradient of the is more pronounced in the sim-
ulation. Quantitative agreement can also be determined within
typical limits. In conclusion the morphology of the discharge
strongly depends on the absorbed power and electron density
respectively. This supports the discussion in section 4.1, which
explains deviations between model and theory at low powers
as a consequence of the spatial inhomogeneity.

5. Summary and conclusion

In this work we employed an existing electromagnetic model
for the MMWICP and coupled it self consistently to a
global model for a nitrogen plasma. It results a quantitative
description for a non-thermal nitrogen plasma at a pressure of
p = 1000 Pa and a gas temperature of Tg = 650–1600 K. This
goes beyond previous modelling and enables a comparison
with experimental data, including volume averaged plasma
parameters, the spatial distribution of light emissions and

the electrical field strength and microwave measurements.
Simulation and experiment both show two stable stationary
points, separated by a significant change of the plasma
parameters and coupling efficiency. For the measured and
calculated stationary point at high absorbed power Pabs and
high electron density ne there is a remarkable correspondence
in the ne-Pabs-plane, whereas model and experiment signifi-
cantly differ for low values of Pabs and ne respectively. This
is possibly a consequence of the spatial inhomogeneity of
the discharge in the latter case as the global model cannot
capture such a situation well. The spatial distribution of the
local absorbed power 〈j · E〉 is found to be in good corre-
lation with the measured light emission for both discharge
regimes. As expected, the discharge shows a strong spatial
inhomogeneity in the low power regime. The measured
and calculated distribution of |E| also match within typical
limits. Another finding is based on a mode analysis of the
plasma impedance: The experimental stationary point at
ne = 6.5 × 1018 m−3 shows both, a capacitive and inductive
component and is therefore identified as E/H-hybridmode.
Finally, the microwave measurements are accurately
reproduced in the high power regime, showing a cou-
pling efficiency of � 60%. However, with decreasing Pabs

and ne deviations occur, presumably due to the idealized
description of the electrical network in the model. In sum-
mary, the presented model provides an accurate description of
spatially resolved and global quantities. Significant deviations
only occur for volume averaged parameters at lower electron
densities, owing to the drastic simplifications of the global
model. This is of minor importance as the MMWICP is
designed to operate at ne � 1019 m−3. Future research should
address the lack of spatial resolution by a three-dimensional
plasma model.
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