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Abstract
The grain size and the ferroelectric morphology are the two most important factors in the research 
and development of advanced dielectric devices. It is important to synthesize nanostructures in 
order to achieve optimal grain size and inhibit grain growth while controlling the sintering 
parameters. It is also important to find new methods to study the grain growth during 
densification. BaTiO3 films were successfully obtained via the sol-gel spin coating method. 
In this paper, we report the deposition of nanostructured BaTiO3 thin film by spin coating of sol-
gel  precursors. The densification, grain growth and microstructure evolution have been studied. 
Moreover, a novel physical and mathematical fractal analysis have been applied successfully to 
the densification and nano grain growth of BaTiO3 thin film.  The discrepancy between the 
fractal dimension and the grain growth with increasing temperatures and soaking time are 
presented and discussed.  

Keywords: BaTiO3, grain growth, fractal dimension, self-similarity, sol-gel route 

1. Introduction

BaTiO3, with perovskite structure, has many applications. It has dielectric with values as high as 
7,000, much greater than those of other ceramics, such as TiO2 (εr=110). The solid BaTiO3 can 
exist in five phases: a hexagonal crystal structure, which ranges from high to low temperatures; a 
cubic structure; a tetragonal orthorhombic structure; and a trigonal structure. All of these phases, 
except the cubic phase, exhibit ferroelectric properties [1, 2].

BaTiO3, with piezoelectric properties, is used in microphones, transducers, small-sized multi-film 
capacitors in high-voltage capacitors, memory applications, sensors, actuators, and electro-optic 
industries. BaTiO3 is a lead-free ferroelectric material and a good alternative to lead zirconate 
titanate. It is used in various forms: crystalline, bulk ceramic, multilayer, and thin films [3-6]. In 
addition to having applications in the miniaturization of many modern systems such as 
microwave components, it can also be integrated into microelectronic circuits to achieve desirable 
physical properties, in which case, small grains on a submicron or nanometer scale are used [7,8]. 
The biggest obstacle to developing the high-capacity multilayered ceramic capacitors is achieving 
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the optimal grain size of BaTiO3-ceramics. The reduction of dielectric layer thickness demands 
the simultaneous reduction of BaTiO3 grain size to a submicron level [9]. 

The electrical properties of BaTiO3 are dependent on grain size, density, pore size and pore size 
distribution, morphology, impurity, and defect concentration; all these factors directly affect the 
grain growth kinetics. Usually for ceramic  grain size more than 1 µm when the grain size 
decreases, the dielectric constant at room temperature increases. However, the temperature 
dependence of the dielectric constant was modified significantly below the Curie temperature 
(TC), when grain size reduces below 1 µm. The dielectric constant of BaTiO3 shows a maximum 
of ~5000 for grains in the range of 0.8–1 µm which was attributed to critical changes in the 
domain structure. On further decrease of grain size, dielectric constant rapidly decreases below 
1000 [52,53]. For the commercially available Multilayer energy storage ceramic capacitors use 
dielectric layers with thicknesses 1 µm or less. Accordingly, the grain size of these ferroelectric 
ceramics should be approximately 50-150 nm to meet the temperature stability requirement and 
to maintain reliable performance [54]. Density increases with the sintering time and temperature 
during the grain growth [11, 12]. Retaining nanoscale grain size and preventing rapid grain 
growth are the main challenges encountered in the nanoparticle sintering process [10].  

We know that the grains grow during the sintering process. We cannot stop the growing process 
completely. We can only reduce their growth rate and examine the parameters effectively. We are 
looking for one fundamental question: Is there a tool that can analyze the changes in grains during 
the process collectively?. So that, at first, it introduces fractal and then produce same grain in 
small scales with sol-gel? The fractal analysis has significantly influenced our comprehension of 
complex structures and dynamic procedures in an extensive variety of natural and industrial 
phenomena [15-16]. A fractal refers to an object comprised of smaller parts that are smaller 
versions of the whole and every little piece imitates the entire structure. At a higher level of 
magnification, a similar pattern will keep reemerging to such an extent that it is relatively difficult 
to know precisely what scale you are looking at [17]. This property is also called “scale-
invariance”, the most essential feature of fractals, which is also referred to as “self-similarity”. 
[18]. This feature enables fractals to be analyzed scientifically, making it more understandable 
when connected to an assortment of controls. Researchers and specialists have analyzed fractals 
all over the world [21-26].

They all have one thing in common: they grow. In materials science, fractals are constrained to 
geometry but can be utilized to depict the properties of periodic arrangement [31-44]. Fractal 
changing, due to pores and variance in grain boundaries, can be used as an indication of grain 
growth during the sintering process in ceramics. Fractal dimensions could be used to describe 
complex phenomena such as grain growth and aggregations of nanograin in molecular systems at 
the atomic scale. In general, the computation of the fractal dimension by the box-counting method 
underestimates the true Df, mainly due to the discretization of the image domain and the 
quantization of the gray levels [45, 46]. We do base this paper on proving our own scientific 
hypothesis based on fractal creation but, considering the nature as well as studying the 
development of cases in different situations, this fact is acceptable. However, why is it that it has 
not been highlighted is because of the lack of relation between fractal, grain, and pore growth? If 
we put together growth and fractals, many scientific issues will be easier to explain. In general, 
the process of depositing thin films is divided into three major methods: the chemical vapor 
deposition (CVD), the physical vapor deposition, and wet deposition. Sol-gel processing is used 
in the synthesis of colloidal dispersions of inorganic and organic-inorganic hybrid materials 
obtained by introducing certain organic permanent groups. Spin coating is used for thin film 
growth from sol-gel solution on a flat substrate. The sol-gel process has many advantages, 
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including higher purity and homogeneity and lower processing temperature. It also allows for the 
control of nucleation and growth of primary colloidal particles, as well as the control of the entire 
process and the synthesis of “tailor-made” materials, which can be used to obtain the distribution 
of special shapes and sizes [13, 14].

In this research, we prepared BaTiO3 films using the sol-gel method and investigated the 
influence of sintering conditions, temperature, and soaking time on the grain parameters that 
affect the microstructure of the sample. Fractal dimensions, as a characterization microstructure, 
describe the relations between grain growth kinetics and grain microstructure, and trace any 
changes in grain microstructure that occur during the sintering process. This method can be used 
by a machine to control, engineer, and monitor microstructures under different conditions.
It uses a large number of images such as the SEM images to increase the accuracy of a machine.
As such, it saves a lot of costs and prevents any unnecessary work on the part of a researcher. 
Furthermore, we can set time for a machine using fractal analysis and make artificially intelligent 
machines to synthesize materials in the future.

2. Experiment

2.1. Experimental material 

In this research, BaTiO3 thin films with nanocrystal grains were synthesized using a sol-gel route 
[Fig. 1]. Barium acetate (Ba (CH3COO)2) and tetrabutyl titanate (Ti(OC4H9)4) were used as the 
main substrate reagents and acetic acid (CH3COOH) and ethyl alcohol were the solvents. Barium 
acetate, dissolved in acetic acid, was mixed with polyvinylpyrrolidone, dissolved in ethyl alcohol 
and acetyl acetate, and then added to tetrabutyl titanate. Then, it was stirred for an hour to form 
BaTiO3 precursor at room temperature.

High-resistance (coated with ITO (indium tin oxide)) silicon wafers were used as substrates for 
depositing BaTiO3 coatings.

Before depositing the layers, the silicon wafers were washed and cleaned with ethyl alcohol, 
acetone, and ammonium to eliminate adsorbed impurities and to form a stable film. 

The substrates are dried and placed in a centrifuge along with the sol-gel solution. The centrifuge 
is set at 3000 revolutions per minute (RPM) for 60 seconds, coating the substrates with an even 
distribution of the sol-gel solution. One batch was then sintered at different temperature (300-
800°C) and the same soaking time (2 hours). 
Other samples were held at the same temperature (700°C) for a different soaking time (1 to 600 
minutes), and then left in the furnace to cool down. To study the grain growth during the sintering 
process, the specimens were heated in a typical furnace filled with atmospheric air and the 
temperature was increased by 3°C/min. 
The crystallization process of BaTiO3 gel was studied with the aid of DSC/TG (German 
NETZSCH, STA449 F3), and XRD (powder diffractometer). The microstructure of the films was 
examined using SEM (Hitachi SU-70) and TEM JEM-2100. The grain size of BaTiO3 
nanocrystals was determined using image analysis with software IMAGE J. We will explain this 
procedure in more detail in the paper.  Fractal dimensions were calculated using FRACTAL 
ANALYSIS SYSTEM version 3.4.7. It has the ability to make image files in different formats 
and calculate fractal dimensions from color image, grayscale, binary, 3D-sliced (layer) so in this 
paper fractal dimension has been calculated by the method of box-counting after being changed to 
grayscale 2<DF<3). 
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 Fig. 1. The process for the preparation of BaTiO3 film by sol-gel route.

2.2. Experimental fractal analysis

Fractal dimension that we have obtained in our paper is obtained using the box-counting method. 
In the additional Hausdorff dimension, box counting is a method that is suitable for obtaining the 
relationship between objects. The box-counting method is used to analyze patterns by breaking 
and classifying them into object, dataset, image, etc, small pieces that machine can calculate and 
recognize. The nature of the process is compared by zooming in or out of optical and 
computational methods to analyze and check how detailed observations vary with scale [Fig. 2]. 
To measure closeness of a pre-fractal B, that approximates an ideal fractal A, the Hausdorff 
distance, given by:

                     (1)( ) { }, max max{ ( , ), } , max{ ( , ), }hd A B d y A y B d x B x A= Î Î

where d(s, A) is the distance of a point s to the set A (see [40]).

Keeping in mind the notion of the Hausdorff distance DH, it is not difficult to understand that 
self-similarity, which is equivalent to scale invariance, is a direct consequence of contractive (or 
dilation) symmetry [48]. Namely, the usual meaning of being symmetric understands that, for a 
symmetric object S, there exists transformation T so that, if T has a unit norm, T does not change 
the size of the object. It just transforms the object inside itself. On the other hand, for the fractal 
object S, there is the transformation T that satisfies ||T||<1 so that: T(S)=S.
In this case, T is called the transformation of dilation symmetry. To prove the testing procedure 
and approve the methodology, some explanations have been presented to make the scientific 
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nature of the procedure clear. The topological DT (general dimensions, visual dimensions, and 
Euclidean dimensions, DT = 1 for curves, 2 for surfaces, 3 for solids, etc.) is much smaller than 
the Hausdorff DH (normal DT expansion), DT <DH. Contrary to the topological dimension, the 
Hausdorff size (or fractal) DH is typically a non-integral number for a fractal object, while DH = 
DT is for Euclidean objects. Example: Liquid level DT = DH = 2, that is, the surface layer of 
liquid molecules (approximately) is a mathematical one. Any disorder caused by the former, 
through heating the geometry of the surface will be complicated, with 2 <DH<3. Upper limit DH 
= 3 with the evaporation of all liquid particles, the flat layer transforms into a part of the 3D space 
[40].

Fig. 2. The Richardson-Mandelbrot diagram for: a. Mathematical fractal (Conway triangle, DH ≈ 1.7227); 
b. Real fractal – the SE microphotograph of BaTiO3 ceramics doped with 0.1 wt% of Holmium (Ho2O3). 

Fractal dimensions differ in various ranges of magnitude, as expected from real fractals (pre-fractals) [49].
 
Fractal objects can be classified by their fractal dimension.  Fractal dots (usually called fractal 
dust) with DT = 0 and 0 < DH < 1 (ex. Cantor set), fractal lines, DT = 1 and 1 < DH < 2 (ex. 
Koch snowflake, [10]), fractal surface DT = 2 and 2 < DH < 3 (ex. Menger sponge), etc. [42].

3. Results and discussion

3.1. The characterization of BaTiO3 nanocrystals

The thermal decomposition of BaTiO3 sol-gel solution after heating (40°C, 24 hours) in air was 
studied by using DTA/TG. [Fig. 3] shows the results. As can be seen, the total weight loss of the 
sol-gel reaches 60.92% from 30°C to 800°C. Normally, the decomposition of a composite 
containing polymer can be divided into four steps. The first step is in the temperature range of 30-
110°C. The weight-loss at this stage is about 4.88%, which can be attributed to the emission of 
water vapor. The second stage is in the temperature range of 110-250°C and the corresponding 
weight loss is about 7.59%, which can be attributed to the emission of organic solvents. The third 
step is in the temperature range of 250-450°C. The corresponding weight loss is 37.53%, which 
can be attributed to the combustion of organic materials within the framework of the gel. On the 
DTA curve, no significant thermal effect was observed in the second or the third steps. The last 
step is in the temperature range of 450-800°C. The corresponding weight loss is 10.92%. On the 
DTA curve, endothermic and exothermic peaks at 470°C and 560°C, A, B points, respectively, 
appear due to polymer decomposition and the initial formation of BaTiO3. The weight loss in this 
stage is probably due to the combustion of carbon materials, the last element of 
polyvinylpyrrolidone.
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Fig. 3. DTA/TG curves of the BaTiO3 nanocrystal precursor of the sample.

The XRD patterns of the BaTiO3 film obtained after being sintered under different conditions are 
shown in [Fig. 4(a)] and [Fig. 4(b)].

After increasing calcination temperature from 300°C to 800°C (duration=2 h), the main 
diffraction peaks of BaTiO3 heated to 700°C for 2 hours become narrower and sharper than those 
at other temperatures. [Fig. 4(a)] indicates that a calcination temperature (300-500°C with a 2-
hour soaking time) is not enough high for the BaTiO3 grain to be completely sintered and the 
probability of forming initial seeds at this temperature is higher than at other temperatures.

By increasing the temperature of the coating materials from 300 to 800°C, the diffraction peak for 
the (1 1 1) planes of thenanograined BaTiO3(BTO) ceramics  heated to around 600°C shifts 2 
theta of from 38.8 to 38.98. This indicates that the tetragonality of the samples was increased [Fig. 
4(a)]. Other diffraction peaks of the nanograined BTO ceramics shift in a similar way as the (1 1 
1) peak does, with variation in the sintering temperature as well as the amount of the coating 
materials.

After increasing the soaking time from 3 min to 600 min (T = 700°C), as indicated by [Fig. 4(b)], 
upon calcination at 700°C for more than 100 mins, the peak intensity is sharper and narrower than 
that of the times less than 100 min. This implies that thermal aging (> 100 min) at a temperature 
as high as 700°C is necessary for the complete crystallization of BaTiO3 and the complete 
removal of carbon from the product. For comparison, the peak ratio of XRD patterns between 
BaTiO3 and ITO (indium tin oxide) is used.
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FiG. 4 (a). The XRD patterns of BaTiO3 films at 300⁰C to 800⁰ C for 2 hours.

Fig. 4 (b). The XRD patterns of BaTiO3 films at 700⁰C from 3 min to 600 min.

The transmission spectrum of the thin films at different temperatures using the same soaking time 
is shown in [Fig. 4 (c)]. For comparison, the transmission curve of a bare ITO-coated glass is also 
included. It can be seen that the films deposited on the ITO-coated glass and ITO is different in 
the spectral range from 500 cm-1 to 1600 cm-1. The high transparency at 700°C indicates small 
surface roughness and relatively good homogeneity of the film. The transmission decreases 
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sharply when the structure, that has certain polymers and wavelength, is reduced to around 500 
cm-1 to 800 cm-1 for samples (b-e), showing inter-band transitions.

Fig. 4 (c). The transmittance spectra of ITO, ITO/BTO films sintered at various temperatures for 2 hours: (a) 
ITO, (b) 300° C, (c) 400° C, (d) 500° C, (e) 600° C and (f) 700° C.

The coating processes around the grains like ITO material are very complex and very sensitive 
for analysis. Our research generated different expiriences and knowledges about effects of 
coating phenomena. The BaTiO3 thin films penetrate through surrounded microstructure 
morphology to grain cores and creating microstructures which are different than before coating 
process. In this research aspects there are a lot open questions. Some of this analysis are 
explaining that the results of coating processes are not always completelly succesful around the 
grains and related thin films which should surround the grains. The reliability of succesful 
coating process around the grains is still under the deeper research. But different scientific 
analysis in this area definitelly confirm that we are getting changed morphologies. So, different 
characteristics are changing in a correspondance to this microstructure changes. Results in this 
research paper on this topic are confirmation regarding the discussion which we gave in 
previous analysis. Based on concrete results in this research paper it is evident that 
transmission lines on Fig. 4(c) are confirming the evident differences between the samples with 
no coating in comparison with samples which past coating process.  The temperature growth 
from 300 to 700°C just confirm  the microstructure changes in the samples under coating 
process affected by temperature growth. This is on the line with grains growth  temperature 
dependance  analysis, what is the  topic of main importance in our research. 
In future scientific research which results are on the way, it should be the one important key 
point for further clarifications and explanations.

3.2. The grain growth and kinetics of grain growth BaTiO3 nanocrystals

3.2.1. Grain growth during a heat-up and a 2-hour soaking time 
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The morphology of the nanosized barium-titanate is shown in [Fig. 5(a)]. The images of layers at 
300°C to 700°C are obtained in bulk layers and are not exactly clear because the structure of 
layers within these temperatures contains a large number of polymers, especially at temperatures 
less than 500°C. Using the image analysis technique, the average grain size of BaTiO3 film can be 
calculated. After sintering at 300°C to 800°C with a soaking time of 2 hours, average grain sizes 
were from 25 nm to 130 nm, approximately. The plots of average grain size during a heat-up and 
a 2-hour soaking time are displayed in [Fig. 5(b)]. 

The rapid grain growth during this sintering stage is easily observed in [Fig. 5(a, b)] after 
sintering at 800°C. So, at 700°C and a 2-hours soaking time, the nanostructure is preserved. 
Therefore, by increasing the time factor, we can increase our density and make a nano-
homogeneous structure. Also, with the microstructure monitoring, abnormal grain growth is 
prevented.

Fig. 5 (a). The SEM Micrographs of BaTiO3 sintered at (a) 300°C; (b)400°C; (c)500°C;  
(d)600°C;  (e)700°C; and  (f)800°C for 2 hours.
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Fig. 5 (b).  The BaTiO3   grain growth during heat up at 300°C to 800°C for a 2-hour soaking time.

3.2.2. The relationship between fractal dimensions, grain boundary, and pores

During the grain growth process, the microstructure, including the grain area, grain perimeter, the 
volume of grain and pores, and the surface of grain boundary, will be changed. They are 
correlated so they scale up [19, 27].

The range of the fractal dimension is between 2 and 3 (2<DF<3). Generally speaking, a higher 
dimension is related to a rougher surface with higher porosity. 

                                                                   (2)1/ 1/2FD
G GP A

Here, PG is the perimeter of the grain boundary and AG is the area of grain;

                                                                  (3)1/ 1/3FD
G GA V

where AG is the surface area of the grain boundary and VG is the grain volume.  They can be 
transformed and simplified into logarithmic forms,

                                        Log PG=DF /2 log AG +C1                                                 (4)
and

                                         Log AG=DF /3 log VG+C2                                                 (5)

Boming Yu provides the method for judging whether porous material could be analyzed using 
fractal theory [55, 56]:

                                                             (6) min max/ 0FD  

where ,  are the minimal and the maximal values of pore diameter and DF is the fractal min max
dimension. The pore distribution of the porous structure should meet the scaling invariance 
within a certain range, 2<DF<3.

Guo et al. deduced [56]: 

                                        Log S = (3-DF) Log r + C                                                   (7)

where S is the cumulative pore volume fraction; DF is the fractal dimension; and r is the pore 
diameter. So, when structural pores are omitted, the main density is near the theoretical density, 
the surface is flat, and the fractal dimension decreases. 

[Fig. 5(c)] shows variation of fractal dimension of nanostructure BaTiO3 at different temperatures 
with 2 hours soaking time. According to this figure, surface of layer will be smooth after heat 
treatment at 600°C which will, thus, lead to the decrease of the fractal dimension before the 
temperature of 600°C, due to the presence of polymer. The surface of the sample looks smooth 
and without any porosity, so the fractal number is close to 2. It can be observed that the size of 
the fractal dimension does not depend on a selected area (every box in [Fig. 5(c)] shows pixel of 
the selection area).
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Fig. 5 (c). The variation of the fractal dimension of nanostructure BaTiO3 
at different temperatures for 2 hours

The substance of the matter is definitelly introducing the fractal nature analysis and fractal 
dimensions what is quite new approach in the science of sintering processes. Our previous results 
with fractal corrections confirmed that there is existance of result changes affected by the 
fractalization research results. So, the differences-discrepancies with grain growth without fractal 
analysis and with it, are just confirming our expectations because the fractal scientific view more 
precisely and with higher level of complexity define many relations between the structure and 
parameters especially the temperature. So, all of this presented results just confirm the fractal 
nature existance in ceramics and widely different materials.  

3.2.3. Grain growth during isothermal holdings

At 700°C, after gradually removing the carbon impurity, the grains in the BaTiO3 layers with the 
thicknesses of around 800 nm grow faster. The porosity is removd and the surface is smothered 
[Fig. 6, 7]. Its mean surface will be flat and, in the bulk of the ceramic, the grain will become 
larger and larger during the sintering process. In order to understand the entire grain growth 
process, isothermal sintering experiments were carried out at 700°C following a heat-up at 
3°C/min. 
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Fig. 6. The SEM Micrographs of BaTiO3 layer sintered at 700°C for 300 minutes.

Fig. 7.  The AFM micrographs of the BaTiO3 films, deposited on ITO-coated silicon wafers, at 700°C 
for 300 minutes.

[Fig. 8(a)] shows the isothermal grain growth curve of grain size vs. growing time at 700°C for 
all samples with the same initial grain sizes. It demonstrates that the grain growth behavior of 
isothermal hold follows a more gradual process than the one of heating up.
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Fig. 8 (a). The SEM Micrograph of BaTiO3 film sintered at 700⁰C for (a) 10 minutes; (b) 30 minutes; 
(c) 60 minutes; (d) 100 minutes; (e) 300 minutes; and (f) 600 minutes.

The TEM Micrograph of BaTiO3 [Fig. 8(b)] shows that, with grains which are sintered at 700⁰C 
for a different time, the arrangement of the inner grain atoms is almost the same but the directions 
of atoms are different.

Fig. 8 (b). The TEM Micrograph of BaTiO3 grain sintered at 700⁰C for (a) 1 minute; (b) 30 minutes; 
(c) 100 minutes; (d) 300 minutes; and (e) 600 minutes.
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3.2.4. The sintering consolidation process and the influence of fractal nature
 
3.2.4.1 The kinetic exponent of grain growth for isothermal sintering

Generally, grain growth occurs in polycrystalline materials to decrease the free energy of a 
system by decreasing the total grain boundary energy. The grain growth behavior of 
polycrystalline materials was reported and integrated into the following equation where the rate 
of grain growth is inversely proportional to grain size:

                                                               (8)
0 0

k k
G GD D c t  

Here, DG is the average grain size at the time t; DG0 is the initial average grain size; k is the grain 
growth exponential reflecting grain growth behavior; and, c0 is the temperature-dependent rate 
constant that could be expressed by the Arrhenius equation: 

                                                                  (9)– /
0

E RT
rc еA

where Ar is pre-exponential factor; E is the activation energy; R is the universal gas constant; and 
T is temperature. In this case, a constant sintering temperature is assumed.

Since DG0 is generally much smaller than DG i.e. ( ), DG is reduced to
0G GD D

                                                        (10)1/
1

k
GD c t 

Since, , where AG is normal grain size, from [Eq. (10)] it follows that 2/ 2G GA D 

                                                     (11)2/
2

k
GA c t 

taking Log we get:

Log AG= (2/k) Log t + C3                                                 (12)

which, when plotted in a logarithmic scale, is a straight line with slope of 2/k. k is the kinetic 
exponent of grain growth, AG is the average grain area, and C3 is constant. Kinetic exponent k can 
be obtained from the slope of the linear regression line of Log AG versus Log t.

As all of the grain areas can be collected during the sintering process, average grain areas in 
different grains can be calculated by image J or manually. Therefore, the average grain area 
versus growth time can be plotted in a logarithmic scale. The kinetic exponents of grain growth 
correspond inversely to the slope of the curve. They are approximately 0.0651 at the early stages 
of the sintering process and then increase to 0.2543 at later stages, as shown in [Fig. 8(c)]. It can 
be seen that the kinetic exponents of grain growth are actually a function of time. At an early 
stage of sintering, it has a lower kinetic energy than those at a later stage of process because, at 
the chosen temperature of 700⁰C, polymer materials have not been completely removed from the 
structure. Normal grain growth (primary recrystallization) is controlled.
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Fig. 8 (c). Grain area vs. growth times BaTiO3 film at 700⁰ C. 

According to [Fig. 8(d)], the variation of fractal dimensions of the nanostructure BaTiO3 sintered 
at different soaking times, can be distributed as follows: the largest fractal dimension reduction at 
the time of 10 min indicates a rearrangement of grains and the withdrawal of carbon from the 
structure. The fractal dimension will then increase until the carbon has been completely removed 
from the structure at around 100 min from the beginning of sintering. When the fractal dimension 
decreases, this means that the surfaces of grain boundaries will become smoother with growth 
time and self-similarity will decrease, which may be indicative of the onset of an abnormal grain 
growth.

. 
Fig. 8 (d). Variation of fractal dimension of nano structure BaTiO3 sintered at different soaking time. 
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3.2.4.2 The influence of fractal correction on sintering temperature

In case we don’t have a constant sintering temperature, we can apply α-complex fractal correction 
on the sintering temperature T in the basic Arrhenius equation. In this case, the sintering time t is 
constant. Also, the grain growth exponential factor k, reflecting the kinetics of grain growth, is 
temperature T dependent.

It is an experimental fact that most rate constants of reactions vary with temperature in a common 
fashion: nearly always, Log k is linear with 1/T. Arrhenius was first to recognize the generality of 
this behavior and he proposed that rate constants be expressed in the form

                                                                        (13)
aE

RT
rk A e




Ar: the pre-exponential factor (a constant for each reaction) 
Ea: the activation energy for the reaction
R: gas constant 8.3144598 J⋅mol−1⋅K−1
T: absolute temperature

Pre-exponential factor is considered the probability to surmount energy barrier of height Ea (the 
activation energy), by using thermal energy. While the exponential expresses the probability of 
surmounting the barrier, Ar must be related to the frequency of attempts on it; thus Ar is 
considered the frequency factor. By the collision theory, frequency factor is given by:

                                        (14)
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   

where

mi : mass of particle i (i=1,2);
σi : diameter of particle i (i=1,2);
kB : Boltzman’s constant.

Regarding the reaction rate which is proportional to absolute temperature, our hypothesis is that 
particles with mass mi and diameter σi Brownian motion (αM) within the bulk sintering process, 
influence the rate of reaction. 

Also, in the case of grains and pore surfaces (αS, αP), morphology influence, within this complex 
sintering reaction, is evident and very important.

Through physical-mathematical grain and pore micro surface analysis, we have established the 
presence of fractal nature in this morphology, which is confirmed by the fractal reconstruction of 
many microstructures [46, 47, 48].
Finally,

                                                                      (15)0r fA A T

                                                   (16) , ,f S P M    
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We suppose that the involvement of these fractal corrections , ,  in the overall fractal S f M

correction is given by the weighted sum [49, 50, 51]:f

                                        (17)1 2 3 1 2 3, 1f S P Mw w w w w w        

We take a normalized fractal dimension as the representation of a fractal nature. So, the individual 
fractal corrections will be:
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The overall fractal correction is a problem of exceptional complexity so, at first, we assume the 
equal participation of each individual fractal correction:

              (21)
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Obviously .0 1f 

The argument for this expectation is, in fact, that the geometrically irregular motion of an 
enormous number of particles causes extra energy to be unleashed onto the system. So, in this 
way, we have definitely analyzed all the aspects of sintering process, which, beside sintering time 
also include sintering temperature. All of this fractal corrections are based on previous 
experimental results and analysis. So, here is not just theoretical mathematical correction, these 
corrections are confirmed through the different experimental analysis so, here is just application 
of generalized confirmed results.  
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4. Conclusion

Barium-titanium oxide films were obtained successfully by spin coating of sol gel precursors. The 
results of TG and DTA indicate that decomposition of sol-gel occurs in different stages. The 
XRD analysis of BaTiO3 films sintered at 700°C for 2 hours, shows that the main diffraction 
peaks become narrower and sharper than those sintered at lower temperatures. The grain growth 
behavior under isothermal hold conditions follows a more gradual process than that of a gradual 
heat-up.

The kinetic exponent of grain growth in the secondary recrystallization is larger than that of a 
primary recrystallization at 700°C.

The fractals of ceramic microstructure changed at different temperatures and soaking times. 
Therefore, the fractal dimensions can be taken as an influence parameter of grain growth for the 
process, including isothermal holding and can indicate pore removal during sintering process.
In this paper, the grains are not individually examined so the interpretation of changing properties 
and process is easier.

On the other hand, we have developed and applied new fractal methods and tools when the 
sintering temperature T is varying at the constant sintering time. This is one of the first papers in 
which physico-mathematical fractal analysis is fully applied. This new approach has opened a 
new frontier in this area, especially in the fractalization of the sintering process, as well as new 
perspectives for further breakthroughs in the field of sintering analysis.
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Highlights

 Analisy BaTiO3 nanograin growth with the sintering parameters influence 
on kinetics

 All of these sintering analysis we are enriching with fractal nature approach 
 New approach enlight consolidation and morphology by fractal nature 

analysis
 The fractal dimension characterisation is included to complete analysis
 Here, we introduce the fractal nature correction influence on sintering 

temperature
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